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Abstract: Let p(z) be a polynomial of degree Nand let & be any real or complex number, then
the polar derivative of p(z)denoted by D, p(z), is defined as

D, p(2) =np(2) +(a-2)p'(2)

The polynomial D, p(z)is of degree at most N—1and it generalizes the ordinary derivative
p'(z) of p(z)inthe sense that

Lim
oL —> 0

Dy P@) _ .y
(24

In this paper we prove interesting results for the polar derivative of a polynomial which not only
improve upon some earlier known results in the same area but also improve upon a result on ordinary
derivative for polynomials in particular case.

Key-Words: Polynomials; Polar derivative; Inequalities; Zeros.

AMS Subiject Classification: 30A10, 30C10

Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Aryabhatta Journal of Mathematics and Informatics
http://www.ijmr.net.in email id- irjmss@gmail.com Page 79




AIMI Vol.08 Issue-02, (July - December, 2016) ISSN: 2394-9309
Aryabhatta Journal of Mathematics and Informatics (Impact Factor- 4.866)

1. Introduction and statement of results:

Let p(z) be a polynomial of degree n, then according to a famous result known as Bernstein’s
inequality (for reference see [2]), we have

Theorem A. If p(z)is a polynomial of degree n, then

mex |p'(z)] < n max|p(z)|
|z|=1 |z|=1

(1.1)
The result is best possible and equality holds for p(z) = 22", A(#0) being a complex number.

For the class of polynomials having no zeros in| z | <1, the following result was conjectured by Erd

0 s and later verified by Lax [5].

Theorem B. If p(z) is a polynomial of degree N having no zeros in | z | <1, then

max | p*(z)| <

|z|=1

The result is best possible and equality in (1.2) occurs for p(2) = A+ uz", Where| A | = | y7] | .

n
) |max| p@@) (1.2)

As a generalization of Theorem B, Malik [6] proved the following

Theorem C_If p(z) is a polynomial of degree n having no zeros in |Z| <k, k=1, then

i P@) = k i @) (1.3)

The result is sharp and extremal polynomial is p(z) = (z +k)"

For the class of polynomials not vanishing in the disk | z | <k, k >1, Aziz [1] extended Theorem C

to the polar derivative and proved the following result.
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Theorem D. If p(z)is a polynomial of degree N, having no zeros in the disk| Z | <k, k>1, then

for every real or complex number [ with | ) | >1,

ma:x| p(2)|. (1.4)

The result is sharp and equality in (1.4) holds for the polynomial p(z) = (Z + k)n with real f>1.

Recently, Govil and Mc Tume [3], for the class of polynomials having all the zeros in the region
| z | <k, k <1, proved the following

n
Theorem E. If p(Z)=Z aVZV is a polynomial of degree N, having all its zeros in
v=0

nk?|a,|+|a,|

| z | <k, k <1, then for every real or complex number ¢ with |a| >L, L=
nja,|+|a,_]

n(|a| —L)
mex D, p(2)] 2 mex|p(2)|

1+k  Jz=1 (15)

In this paper we prove the following result which improves upon Theorem E.

n
Theorem 1. If p(z) = Z a,z" is a polynomial of degree N having all its zeros in | z | <k, k<1
v=0

2
_ nk?|a,|+|a,|
, then for every real or complex number o with |a| >1+k+L, where L =

7

nla,|+|a,|
then for |Z| =1,
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max |D,, p(z)| = M max | p(z)|
|z|=1 1+k) |7=1
lo| —@+k+L)) .
LK) minle@l

Next we prove a result that, in particular case, gives an improvement of Theorem 1. Here we
assumed that some zeros of p(z) are located at the origin. More precisely, we prove

n
Theorem 2. If p(z) = Z a,z" isapolynomial of degree N having all its zeros in | z | <k k<1
v=0

, With s-fold zeros at origin, then for every real or complex number o with |a| > L, we have

(la| — L)(n + sk)

Eﬁ)ﬂDa p(2)| = T 10 ma:ﬁl p(2)|
+n+ (=) - L) min|p(z)|
k3(@1+k) |z|=k (1.7)

Where L is same as defined in Theorem 1.

Remark 3. As earlier said for S =0, Theorem 2 gives an improvement of Theorem 1. To see this,
firstly we will showk > L.Ifz;, 1<i<n, are the zeros of p(z), then | Zi| <k, 1<i<n and

an_1
an

=|zy+ 25+ 42| <nk

|lan_1| <n|a,|k (1.8)

Since k <1, inequality (1.8) gives

1-K)|an 4| <@-K)nla,|k |
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B nk2|an|+|an_1| K

Which is equivalent to nla, | +|an_q|

or k=L, (1.9)

In view of kK > L, we see that Theorem 2 (for s=0) gives an improvement of Theorem 1. To see this

n(e|-L) 1ol + n[ 1+k+|a|- L)m _n(e]-1) Io|

1+k 1+k 1+k)
la| - (1 +k+L)
+n m
1+k
This is equivalent to
0>-21+k)m
or 2(1+ k)m >0

which is always true. Hence the Remark 3.4 is true. Also we note that Theorem 3.3 is valid for
|a| >1+k + L. While Theorem 3.4 is valid for |a| > L, which is a bigger region.

2. Lemmas:

For the proof of the theorems, we need the following lemmas.

n
Lemma 2.1. If p(z) = Z aVzV is a polynomial of degree n, having all its zeros in | Z | <k, k<1,
v=0

then on |Z| =1

L|p'(2)|=|a'(2)], (2.1)
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where

_ nlan|k? +|an_4|

nla,|+|an_4]

The above result is due to Govil and Mc Tume [3].

We improve upon Lemma 2.1 as follows

n
Lemma 2.2. If p(Z) = Z aVZV is a polynomial of degree n, having all its zeros in | z | <k, k<1,
v=0

then on |Z| =1, we have

L|p'(2) =]q'(2)[+mn, 2.2)

where

m = min|p(2)

and L is same as defined in Lemma 2.1.

Proof of Lemma 2.2. Since P(Z) has all its zeros in ‘Z‘Sk,kﬁl the polynomial

,  Wwill also have all its zeros in the same domain i.e.

F(2)=p(z)+am, [A|<l, m= r‘gizrk1|p(z)

|z| <k, k<1.Let
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Q(z)=2z" F(lj

z

=2z" p(i}ukm
z

=2z" p(ij+z”im
z

Q(2)=q(z)+z"Am.

Applying Lemma2.1 for F(z), we have
LIF@[z[Q@)] for |7=1
or
L' @] 2|0 @) +nz" " 2m (23)

Now suitably choosing the argument of A in such a way that R. H. S. of inequality (2.3) on |Z| =1
becomes

‘q'(z)+ n z"_1Xm‘= |a'(2)] +n|A|m

Hence inequality (2.3) becomes

L|p'(@)|=]a' ()| +n[A|m

Finally, Ietting|ﬂ,| — 1, the proof of Lemma 2.2 is completed.

n
Lemma 2.3. If all the zeros of a polynomial p(z) = Z aVZV of degree n, lie in | z | <k, k<1, with
v=0
s-fold zeros at origin, then

. (n+sk) (n—>s) .
max p'(z)| = -———=max p(z |+S— min| p(z)|-
|z|=1 1+k |z]=1 Kk (1+k)|2|=k
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The above result is due to Jain [4, Corollary 1.7].

3. Proof of the Theorems:

Proof of Theorem 1: Since p(Zz) has all of its zeros in | z | <k, k <1, by Rouche’s Theorem, the

polynomial p(z)+Am, where |k| <land m= mlm p(Z)| also has all its zeros in same domain i.e.
7|=

| z | <k, k <1. Therefore applying inequality (1.5) to p(z) +Am, we have,

n(of-L)
Hl|D {p(2)+rmj > Tk Hl|p(z)+7wm |
or
r‘n‘a}x|Da p(z) +amn = w max|p(z) +Am |
-1 +k 4=
n(of-L)
T&HDQ p(z)|+[Amn > — m 1|p(z)+7bm | (2.1)

Now choosing the argument of A suitably such that R.H.S. of inequality (2.1) becomes

Tg|p(z)+km| _max|p(z)| [A|m (2.2)

Combining equality (2.1) and inequality (2.2), we get

L
maxiD, p(o)+fimn = D fra oo o
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(jo - L)
max(P.p(2) > %{JP(ZN} |7*|m”{| -t }

or

_n(]oc| ) o - L+ Kk +L)
“ T TR m(T nin/p(@)}

Finally letting |X| — 1, we get the desired result.

Proof of Theorem 2: By definition

Do P(2) =np(2) + (- 2) p'(2)

which implies
D, p(2)] =|op'(2) +np(2) — 2p' (2)
>|o| p*(2)| = |np(2) — 2p' ()] . (3.3)

Let q(z) = 2" p(ij,then on |z| =
z
Inp(z) —2p'(2)] = [a'(2)) . (3.4)

Combining inequalities (3.3) and (3.4), we get

Do ()| =|e]| P’ @) -|a'@)| on |7=135)

Now using Lemma 2.2 in (3.5), we get
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0P 2o (@) ~{L]a’ @] - mn}
:(Ioc|—L1 p'(z)‘+mn (3.6)

where m is defined as in Lemma 2.2.

Now for polynomial having all its zeros in | Z | <k, k <1, with s-fold zeros at origin, applying Lemma 2.3

in (3.6), we get

(n+sk) (n—y5)
D, p(2)| = (|a| — L){W |r;|1a:x1| p(z)|+m m} +mn.

Equivalently

(o] = L) (n + sk)

|T|3)1( Do P(2)| = 10 mgﬁ p(2)|
+4n+ (n—9)(o| - L) min| p(z)|-
kS@+k) |z|=k

Thus the theorem is proved completely.
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